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Class #8:
Measurement

Answering questions and feedback

Turn in Chapter 5 homework

Prime Numbers and Factorization

Shor’s Algorithm Overview

Quantum Period Finding

Course evaluation



Quantum Computing
in the News

Delayed-choice double-slit experiment

Amazon and CIA fund D-Wave



Greatest Common Divisor
& Euclid’s Algorithm

gcd(a,b) = largest integer which divides both a and b

gcd(15,5) = 5

gcd(2,3) = 1

a and b are relatively prime (“co-prime”)   ≡   gcd(a,b) = 1

Animation: http://en.wikipedia.org/wiki/File:Euclidean_algorithm_1071_462.gif

http://en.wikipedia.org/wiki/File:Euclidean_algorithm_1071_462.gif
http://en.wikipedia.org/wiki/File:Euclidean_algorithm_1071_462.gif


Prime Numbers

A prime number has no integer factors except 1 and itself.

gcd(p,q) for a prime number p and any other number q = 1

Choose which of these numbers is prime:

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19 



Which Numbers are Prime?
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19

You’ve just performed (in your head) a primality test!

Density of primes appear to thin out for larger and larger 
integers (described by the zeros of the Riemann zeta function)

Deterministic primality test in 2002 by Agrawal-Kayal-Saxena

PRIMES in P

Study of the properties of integers = NUMBER THEORY 



What Gauss Said

The problem of distinguishing prime numbers from composites, and 
of resolving composite numbers into their prime factors, is one of the 
most important and useful in all of arithmetic... The dignity of science 
seems to demand that every aid to the solution of such an elegant 

and celebrated problem be zealously cultivated

— Carl Gauss



Prime Factorization

Now we study a seemingly harder problem: finding a divisor.

This is also a primality test!

Prime factorization is decomposing a number into its prime 
factors:

Examples: 



Prime Factorizations
Are Unique

There is exactly one decomposition for every positive integer:

To factor a number m, described by n bits:

The best known classical algorithm is the number field sieve

Running time:



Shor’s Factoring Algorithm

In 1994, Peter Shor discovered that quantum computers can 
factor in polynomial time: 

Breakthrough result, inspired much of the current interest in 
quantum computing

Prime factorization can compromise the RSA cryptosystem

It is not known whether factoring is (NP-)hard classically, or if 
quantum computers are exponentially faster than classical 
computers at all!



RSA Challenge

Every few years, the RSA Company holds a challenge to factor a 
key of a certain size.

In 2009, a six-university team correctly factored the RSA-768 
number (a 768-bit number) in 2000 2GHz Opteron years, or 3 
calendar years. The factors are: 

3347807169895689878604416984821269081770479498371376856891243
1388982883793878002287614711652531743087737814467999489

3674604366679959042824463379962795263227915816434308764267603
2283815739666511279233373417143396810270092798736308917



Shor’s Algorithm
(Classical Preliminaries)

Input: an n-bit number m, which we wish to learn a non-trivial 
divisor of.

Is m even? If so, output 2, or m/2.

Is m a power of an odd prime? Try them all.

Choose a random a uniformly from {1,2,...,m-1}

Find b = gcd(a,m). If b > 1, return b.

Otherwise, run QUANTUM PERIOD FINDING on a



Period Finding
In number theory, the positive integers less than m form a group 
under multiplication modulo m.

Example:



Reduction of Factoring to 
Quantum Period Finding

After running through the classical cases, m is potentially the 
product of several odd prime powers.

Run our quantum algorithm to get the period of a relative to m.

If r is odd, then return “m is prime.”

If r is even, find: 

If d>1, d is a non-trivial factor.



Shor’s Algorithm Recap

Classical preprocessing steps (solve easy-to-factor numbers)

Hard-to-factor numbers: Quantum period finding

Phase estimation (eigenvalue estimation), next!



Eigenvalues and Eigenvectors

A linear transformation (a matrix) on a vector space has some 
vectors that it scales by a certain factor.

These vectors are called eigenvectors, and the associated scale 
factors are called eigenvalues.

Examples: The eigenvectors of the Pauli Z-matrix



Controlled Operations
Entangle Phases



Phase Estimation
Circuit



The Operator’s Phases:
Modular Multiplication

For a particular example, take a=6, m=7



Measuring a Phase

Measuring the first register gives you a phase encoded in the 
following form:



Transforming the Phase
via the QFT

For n=2, we have the 
following possible phases:



Final Quantum Period Finding 
Circuit



What Simon Singh Said

Only time will tell if and when the problems of building a quantum 
computer can be overcome.As information becomes the worlds 

most valuable commodity, the economic, political and military fate of 
nations will depend on the strength of ciphers.

Although it is still in its infancy, quantum computing presents a 
potential threat to the individual, to international business and to 

global security.

- Simon Singh



Course Evaluations

Fill out slips of paper anonymously, then pass back up to front.


