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0.1 Instructions

Reading these entire notes and doing the problem set is meant to take at most
two hours of your time before class. You don’t need to read the Historical
Notes, they are provided if you are curious for more details. Keep careful
track of how long you spend on this assignment. If it takes you more than
two hours, feel free to stop and come to class prepared to ask questions and
finish the assignment with your classmates.



Chapter 2

In which we meet Turing and
Feynman

2.1 Kings College, Cambridge, England

Figure 2.1: Alan Turing as a fellow at Cambridge University.

Alan sits at the bar in the senior combination room, where several other
faculty members of Kings College are spending a quiet evening. Two are
playing snooker on the big felt-topped table. Next to Alan lies two bound
manuscripts that he has had duplicated at some expense at the University
Library: Einstein’s 1925 paper on general relativity and Kurt Gödel’s paper on
incompleteness. The topics are unrelated, other than that Alan is interested
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in both. They both contain his annotations scribbled on the margins and
backsides of the pages.

Alan is working on his own manuscript, writing in longhand in his note-
book. He hasn’t made a mark in a long time, though. The last thing that
appears on the page facing him is a doodle of a bizarre contraption, some-
thing that looks like a piece of Victorian clockwork which is spooling a long
piece of tape that stretches from the horizon and back. He stares at it with a
soft gaze that appears unfocused. He is thoroughly blocked.

“Oy, you! This room is for fellows only,” the bartender says, interrupting
his reverie.

Alan blinks slowly and stutters a reply. “I beg your p-p-pardon, I-I am a
fellow.”

“And I’m King George. Now off with you,” the man behind the bar swats
at the notebook and manuscripts lightly with his towel. “What bloody cheek.”

Alan decides not to argue, opting to take a walk instead to clear his head.
As he gathers his paper, his two colleagues pause their snooker game to
chuckle. “Maybe you should try growing a beard, Alan,” one of them sug-
gests jokingly. “Maybe you should go to the Ourobouros and hang out with
the students,” the other one says.

“M-maybe I will,” Alan replies amiably. “I’m st-st–” he swallows, then,
“stuck anyway on this problem.”

After he leaves, the two fellows turn to each other.
“Brilliant, that one is.”
“But what an awkward duck.”
Later at the Ourobouros Pub, he continues to stare into his beer, his note-

book open with the doodle machine staring up at him. Around them is the
usual Friday night crowd of students, yelling and laughing. Earlier that morn-
ing, St. John’s boat club has won their heat in the qualifying race against some
other college. The winner of the final round will eventually row against Ox-
ford in the spring. Unlike most of the university, Alan is only vaguely aware
of rowing events. He is of modest height, as Brits go, and has a slight build,
and he much prefers long-distance running anyway.

He looks up when a slight, balding man sits down next to him. Out of the
corner of his eye, he can tell that his new tablemate has dark wispy hair and a
thin moustache covering his upper lip. He appears to be in his early thirties.
Neither of them make eye contact. They both alternate staring into their beers
and at Alan’s notebook until finally the other man clears his throat.

“Y-yes?” Alan says awkwardly, but not in an unfriendly way.
“That is an interesting drawing,” the moustached man says softly, almost

inaudibly in the bar. Alan cannot see his eyes clearly since the light is reflect-
ing off the lenses of his glasses.

“Yes.” Alan repeats. He wonders if he can continue the entire conversation
simply by saying this one word, and slowly wonders where this is going.

“What is it?” his fellow conversant asks.
“It’s, er, a c-calculating machine, of sorts.” Alan fidgets nervously, since

this is the first time he has mentioned his idea to someone else, much less in



2.1. KINGS COLLEGE, CAMBRIDGE, ENGLAND 5

Figure 2.2: Alan gets an insight about undecidability at a pub next to a
stranger.

public. However, talking about his work has a calming effect, and he notices
his stutter subsiding.

“A calculating machine? How interesting.” The man with the moustache
pauses as if to consider his next question. “How long is that tape?”

“I-infinite.” Alan answers immediately.
The other man sniffs, which is difficult to interpret. “Have you manufac-

tured this design?”
“It’s not th-that kind of machine,” Alan responds, slightly annoyed.
“Not the kind of machine that can be manufactured?” The moustached

man hiccups suddenly, as if to avoid saying This machine does not sound very
useful. Instead, he says, “I was just commenting because I need to calculate
the solutions to some equations for my research.”

“W-well, then my machine is incredibly relevant to your research! Instead
of being mere-merely a mechanical device, it is meant to p-p-prove facts about
computability itself, the very definition of wh-what human civilization can
discover from f-following a universal set of rules, even if it automates the
rule-foll-following.” Alan rises to the defense of his imaginary device. “My
m-machine can compute almost any function you would c-care about.”

“Almost any function? What functions can’t it compute?”
“Th-that’s the problem.” Alan sighs and stares back into his beer. “Accord-

ing to th-this result by K-Kurt G-Gödel called incompleteness in mathematical
logic systems, there should be functions which my machines cannot compute,
no matter how long they run. I just can’t f-figure out what those functions
are.” He begins to lose interest in the conversation, however. In his mind,
an image is taking shape of a snake eating its own tail. What was it called?
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The Ourobouros, the symbol of eternal cycles. Why was he thinking about it
now? As his attention returns to the present, he hears himself saying, “B-but
effectively, any machine you could b-b-build to solve your equations would
be equiv-equivalent to my m-machine.”

“Interesting.” The moustached man pauses. “How can you be sure that
your mathematical model captures everything that is possible to build? Have
you then captured all of physics in your universal set of rules?”

Now it is Alan’s turn to pause. As he is beginning to suspect that his
interlocutor is some kind of physicist, a group of drunken, rowdy students
come up and recognize the moustached man.

“Look, it’s Professor Dirac, come to celebrate our victory! Cheers, Prof, to
St. John’s!” they shout and clink glasses noisily against the two beers sitting
on the table. Alan realizes in his next breath that he has been lecturing Paul
Dirac, one of the founders of quantum physics and a senior fellow at St. John’s
College. In his next breath, he follows Dirac’s gaze and watches his pint glass
tumble from the table and crash to the ground with a mighty splash.

The Ourobouros is impossible. “That’s it!” Alan shouts to no one in particular.
“You f-feed the machine back into its-s-self as the program.” He turns to Dirac
and gathers up his notebook. “You will p-pardon me, Professor D-Dirac, I’ve
got to write up th-this result while it’s st-st-st—”

“Still in your brain, I understand completely.” Dirac replies, shyly finally
meeting Alan’s gaze. “Strike while inspiration is hot. But now you have the
advantage over me sir, I still don’t know your name.”

They shake hands. “I’m Alan, Alan T-Turing.” And then he’s off.

2.2 Massachusetts Institute of Technology, Cambridge,
Massachusetts

Dick carefully pokes at a blog of gelatin. It sits on top of a scale model of
the Building 7 dome, which is recognizable to many students as the symbol
of their Institute. Whether it is a symbol for good or for evil is up for debate.
Inside the gelatin is implanted several tiny firecrackers. The gelatin wobbles
slightly in the room’s only light.

“Ready?” he asks his partner in crime, another brother at the Pi Lambda
Phi fraternity. His partner nods, holding a remote. “Go!”

The gelatin expands slightly from internal pressure from the firecrackers,
and begins a slow slide down one side of the dome. It lands with a plop
where the steps to Building 7 would be, fronting 77 Massachusetts Ave.

“Damn,” Dick says, shaking his head. “I was aiming for the lawn.” He
points his finger at one spot on the painted green rectangle. “That commence-
ment speaker would be standing right there.”

“Say, Feynman, aren’t you supposed to be some kind of math genius?”
his partner wisecracks. “You always know the right answers in calculus class.
Why didn’t you work out all the equations?”
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Figure 2.3: Dick Feynman as a freshman at MIT.

“I don’t know the answers, I just guess. Calculus is easy that way, you
don’t have to know what you’re doing.” Dick waves off the topic, still lost
in thought about what went wrong. “Anyway, I did work out some of the
equations.” But sometimes it’s faster just to try it out and see. And it’s a lot
cheaper to mess up on a tiny model of the dome than to get it wrong on the
real thing.”

“I’ll say. That’s a hundred pounds of gelatin powder gone to waste, and
the dean of student life suspending us.”

“If we get caught. And it’s more like five hundred pounds.” But his mind
has caught itself on a sticky idea, like a fly on flypaper. “In theory, all the
equations exist for simulating the gelatin and the firecracker and the dome
and the wind, at the scale we care about, at a human scale. We understand
physics well enough to do that much. Hell, Newton understood physics well
enough to do that much. And if we had a room full of computers1 we could
work out exactly how to drop this blob on that pompous fool’s head at the
right time. The size of the computing room would be proportional to the size
of dome, even if it were ten times larger. They would scale together.”

His partner rolls his eyes, used to these digressions by now. “Look, Feyn-
man, I didn’t sign up for imagination playtime. Let’s just fix the position of
the firecrackers and try again.”

Dick ignores him. “But what if there were a physical system that couldn’t
be simulated this way? What if the size of the room needed to house the
computers grew to be as big as the whole country, even the whole earth?”

“What’s the point of that?” his partner is getting impatient. “There’ll never

1In the 1930s, a computer meant a person who operated a calculating machine to perform
computation, much like Elina.
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be a system like that, and no one will ever have that many computers.”
“Maybe. Maybe there’s no point all.” Dick snaps out of it. “Okay, you’re

right. Let’s try again after dinner, I think I hear the other fellas calling us
now.”

Figure 2.4: Dick Feynman planning to hack the MIT dome in his fraternity
room.

2.3 Technical Coda: Von Neumann replies about
the quantum bit

October 3rd, 1930

My dear Elina,
I was happy to receive your letter with all the correct solutions to the prac-

tice problems I posed to you. You are as bright as Einstein’s friend Ehrenfest
claims! However, you have posed an excellent question to me, and I would
like to address it before we move on.

2.3.1 A Quantum Bit is a Two-Dimensional Vector Space

Your question, if I may paraphrase: “Two complex numbers appear to have
four dimensions (the real and imaginary parts of both complex numbers), but
the surface of any sphere is a two-dimensional surface. What gives?” An
excellent question.

First of all, you may be familiar with the concept of a vector space. The
dimension of a vector space is the minimum number of coordinates to specify
a point (vector) within it. I will talk about dimensions and degrees of freedom
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interchangeably, since I mean that they can vary independently. This concept
is closely related to the basis of a vector space, which I will discuss in a later
letter.

The way we normally think of points in space, like locations within a room,
is a kind of three-dimensional vector space over real numbers. Every point can
be labelled with three coordinates:

1. the distance back from the front of the room

2. the distance right of the left side of the room, say

3. and the distance above the floor.

You’ve insightfully perceived that the surface of the Bloch sphere, or any
sphere like the earth, is a two-dimensional surface. We can describe any point
on the earth with two coordinates, like longitude (the number of degrees east
or west of the Prime Meridian which runs through Greenwich, England) and
latitude (the number of degrees north or south of the equator).

(a) (b)

Figure 2.5: (a) Longitude, with 0
◦ through Greenwich, England. (b) Longi-

tude labeled as angle λ and latitude labeled as angle φ.

Now, I have asserted to you that a quantum bit is a two-dimensional vector
space over the complex numbers. As you objected, it first appears that there
are four dimensions to this vector space, since we can apparently vary the real
and imaginary parts of either of the two vector components independently.[

α = a + bi
β = c + di

]
(2.1)

It is true that we can choose one of the complex numbers freely, and that
the two degrees of freedom a and b can be equivalently thought of as the two
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Figure 2.6: A complex number a+ bi represented as a two-dimensional vector.
Cartesian coordinates are in red, polar coordinates are in blue.

degrees of freedom of the magnitude
√

a2 + b2 (by the Pythagorean theorem)
and the angle tan−1(b/a) (by elementary trigonometry).

This is an example of choosing between rectilinear (Cartesian) coordinates,
with the basis of orthogonal unit vectors in the 1 and i directions, or polar
coodinates, with the basis of orthogonal unit vectors in the radial and angular
directions.

Therefore, choosing α appears to give us two degrees of freedom. Choosing
β only gives us one more degree of freedom—its angle—, since its magnitude
is fixed by the choice of α according to this condition:

|α|2 + |β|2 = 1 (2.2)

However, remember that we can factor out a global phase eiφ from both α
and β, and we usually do so, in order to make α completely real. Therefore,
now we are down to exactly two degrees of freedom: the magnitude of α
and the phase of β, which gives us the two-dimensional surface of the Bloch
sphere.

A concrete example for complex amplitudes α and β are given in Figure
2.7. You can verify that the sum of the magnitudes squared equals one, as
required. Unfortunately, I have run out of time and space to show you what
this quantum state looks like on the Bloch sphere, but if you are ambitious,
you can figure it out yourself.
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Figure 2.7: (a) Complex amplitudes α = 1
2 ei 3π
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amplitudes with a global phase ei 3π
4 factored out.
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2.4 Problem Set

1. Post in the Catalyst message board in reply my message titled “Wel-
come” introducing yourself to the class, if you have not already done so.
Read at least two other messages from your classmates in that thread.

2. Post in the Catalyst message board in reply my message titled “Why
build a quantum computer?” In it, give two of your personal reasons
why you care about building a quantum computer. You can use some
of the reasons I mentioned in the first lecture (you can review the slides
online), or you can come up with your own, but they should be your
genuine reasons. If you are against building a quantum computer, give
those reasons, too.

3. Post in the Catalyst message board in reply my message titled “Exam-
ples of analog computers, probs mechanisms, systems failing” In it, give
your favorite example of an analog computer, probabilistic mechanism,
or a system failing when it operates outside its designed environment.
See my original post for examples, or the first class meeting slides.

4. What is your geometric interpretation of the Pauli X, Y, and Z matrices
that we learned about in lecture? That is, what happens to states on the
Bloch sphere when you multiply their corresponding column vectors
(kets) by the Pauli X, Y, and Z matrices?

X =

[
0 1
1 0

]
Y =

[
0 i
−i 0

]
Z =

[
1 0
0 −1

]
(2.3)

5. Recall the geometric effect of the Pauli Z matrix in the previous problem.
What is a 2× 2 matrix that rotates a state on the Bloch sphere by 90

◦

about the ẑ-axis? What is a 2× 2 matrix that rotates a state on the Bloch
sphere by 45

◦ about the ẑ-axis? Verify your matrix by multiplying it
by the various quantum states in Chapter 1 homework. Choose two or
three to compare and contrast the most interesting effect of these matrix
rotations. Why did you choose the states you chose, and what happened
to them after transforming them with the two matrices above?

6. What is a 2× 2 matrix that rotates the state |0〉 to a state on the equator of
the Bloch sphere? Is this matrix unique? What is the effect of the matrix
you chose on the state |1〉? What happens if you apply this matrix twice
to |0〉? What happens if you apply twice to |1〉?

7. Make up a question about quantum bits that I have not asked above in
this chapter or the previous chapter. Bring it to class with you next time,
with the solution.

https://catalyst.uw.edu/gopost/area/paulpham/107304
https://catalyst.uw.edu/gopost/area/paulpham/107304
https://catalyst.uw.edu/gopost/area/paulpham/107304
https://qcb2012.wordpress.com/2012/09/28/first-class-meeting/
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2.5 Credits and Historical Notes

Alan Turing was actually a fellow at Kings College in Cambridge University,
England, in 1930. At the same time, Paul Dirac held the Lucasian Chair of
Mathematics at St. John’s, also in Cambridge, which was a position famously
held by Isaac Newton in the 1700s and also by Stephen Hawking in more re-
cent times. Turing was a strong marathon runner, but I actually don’t know
how either he or Dirac felt about rowing and the famous boat race every
spring between Cambridge and Oxford. His most famous paper, introducing
the idea of an abstract Turing machine, computability, and the halting prob-
lem, was published in 1936, not 1930. I’ve taken artistic license here in order
to make the story more linear.

The halting problem is the problem of determining whether a given com-
puter program will ever halt, and is impossible in general. A high-level proof
of the sketch sounds like how you would defeat an evil robot in a bad science
fiction movie by confusing its logical programming: feed a machine its own
code as input to cause a contradiction. In this case, assume we had a machine
H which solved the halting problem: it could tell whenever its input program
halted or not. Using this machine, we could build a second machine G which
takes an input program, feeds it into H and does the opposite: if H says the
input program halts, G loops forever, and if H says the input program loops
forever, G halts. Then feed G into itself. Contradiction! At this point, smoke
billows out of your evil robot’s head, and it explodes shortly thereafter.

Turing’s solution in the negative to the halting problem was heavily in-
fluenced by Kurt Gödel’s incompleteness proof rendered through the lens of
computer science. It independently duplicated Alonzo Church’s equivalent
result using the lambda calculus, also published in 1936. Both of these re-
sults answer David Hilbert’s famous Entscheidungsproblem, which is German
for “decision problem,” the problem of determining whether all mathematical
statements in first-order logic can be proven true or false.

Even though Turing was often called a logician in his time (which is a word
that sounds like a magician of logic), he was interested in physics and was
very familiar with quantum mechanics and even Einstein’s results in general
relativity. In fact, in 1954, he wrote about the quantum Zeno effect, which
describes the real phenomenon of “freezing” a quantum state by repeatedly
measuring it. Some people believe that had Turing lived longer, he would
have been a key figure in developing quantum computing.

Turing was shy and known to stutter, and although he was attracted to
other men from an early age, I fabricated the entire scene with Paul Dirac.
Dirac himself was also shy and mocked as effeminate by his friends (“as shy
as a Victorian maid” by Werner Heisenberg), but later married the sister of
Eugene Wigner, another prominent physicist. It’s not known

Richard Feynman (called Dick by his friends and colleagues) graduated
from MIT in the other Cambridge (Massachusetts) in 1939, but I made him
about four years older in the story to make his age more commensurate with
Turing’s: he is a freshman at MIT in 1930. Feynman was famous at MIT
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for many mathematical feats, including being able to solve certain kinds of
integrals in his head and becoming a Putnam Fellow. Feynman was an actual
member of the Pi Lambda Phi fraternity in the Back Bay area of Boston, where
his picture still hangs on the wall. While hacks (elaborate pranks) have a long
and wonderful history at MIT, and Feynman was known to pull pranks on
his frat brothers, I completely made up the jello dome hack. Feynman hated
self-important people, and these are sometimes the people chosen to give
commencement addresses.

Feynman first proposed his idea of simulating inherently quantum sys-
tems in his keynote speech to the MIT Physics of Computation Conference
in 1981, entitled “Simulating Physics with Computers.” This is a visionary
speech that is well worth reading. His goal was to describe a system which
would be difficult (require resources exponential in the size of the system
to simulate) for a computer based on classical physics. Many scientists credit
him with proposing the entire field of quantum computing for this reason. His
argument stems from the limitations of a Turing machine obeying the classical
laws of physics. Needless to say, this is a huge setup for later chapters.

Much of the historical research was taken from Wikipedia articles and con-
firmed from folklore and anecdotes told to the author throughout his educa-
tion. Wikipedia also provided the SVG sources for the images of the Aircraft
principal axes, Longitude, and Latitude

http://en.wikipedia.org/wiki/Aircraft_principal_axes
http://en.wikipedia.org/wiki/Aircraft_principal_axes
http://en.wikipedia.org/wiki/Longitude
http://en.wikipedia.org/wiki/Latitude
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