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0.1 Instructions

Reading these entire notes and doing the problem set is meant to take at most
two hours of your time before class. You don’t need to read the Historical
Notes, they are provided if you are curious for more details. Keep careful
track of how long you spend on this assignment. If it takes you more than
two hours, feel free to stop and come to class prepared to ask questions and
finish the assignment with your classmates.



Chapter 3

In which Elina meets Dirac,
bases, and the tensor product

3.1 Göttingen Hauptbahnhof (Central Train Station)

“Fraulein Gamow, have you ever heard of people-watching?” Ehrenfest asked
her that morning.

“Yes, Herr Ehrenfest” Elina responded, “but you would have to be very
rich or very lazy to watch people in Odessa. Or be secret police.”

“No, not that kind of people-watching.” Ehrenfest hastily clarifies. “Any-
way, I am proposing physicist-watching. Three gentlemen are arriving today
by train, and we could spend a pleasant afternoon at the cafe where we met,
greeting them when they arrived.” As if that were not enough, he adds, “We
could also work on math while we are waiting.”

This sounds like fun to the young girl.
Late that day, Ehrenfest and Elina sit at the Bauhaus cafe near the central

train station, both working on their own mathematics: Ehrenfest is working
on his research, Elina is working on the problems that her penpal Von Neu-
mann has sent her. Influenced by Ehrenfest, she has her own bound notebook
now, and writes in pen. Whenever she makes a mistake, she crosses it out
in permanent ink and moves to the next page, keeping a record of her entire
thought process.

“I finish,” she says finally, looking up and tossing her pen down with
satisfaction. Ehrenfest looks amused over the rims of his glasses, while she
takes a celebratory sip of her coffee.

Just then, a self-effacing moustached man lightly steps into the cafe and
tries to find an unoccupied corner to sit.

“Dirac is here,” Ehrenfest recognizes the man who invented the delta func-
tion and first proposed the existence of antimatter. “He has come all the way
from Cambridge, England, where he holds Isaac Newton’s former chair.”

“Oh! Johnny mentions Dirac in his letters.” While Elina imagines a rickety,
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17th-century wooden chair, her companion flags down the recently arrived
Dirac.

“Herr Professor! Over here!”
Dirac looks up in surprise, then glances around to make sure they are

not talking to some other Lucasian Professor of Mathematics. Then he smiles
slightly and walks over to join them. “Ah Ehrenfest, it is good to see you
again.” He waits quietly for an introduction to Elina.

“Elina Gamow, meet Paul Dirac. Paul Dirac, meet Elina Gamow. She is
George Gamow’s niece.” Ehrenfest offers by way of explanation.

“That makes sense. She looks like him.” Dirac observes quietly. Then
he notices the notation he invented for quantum states on Elina’s notebook.
“Interesting. Where did you learn this notation, and what are you working
on, if I may ask?”

“I correspond with Johnny—er, Professor Von Neumann at Princeton.”
Elina corrects herself. “He has me solve some simple problems.” She becomes
self-conscious all of a sudden, having this famous man look at her homework.
But Dirac’s eyes light up and he gestures to the notebook.

“May I?”
Elina nods nervously, and Dirac reaches for the notebook, holding it up

and devouring it with his eyes. “Oh, but he hasn’t taught you anything about
linear algebra. He has barely touched upon vector spaces or bases at all.”

3.2 Dirac’s Soliloquy: Vector Spaces and Bases

A single qubit represents a vector space. Every vector space is the span of a
basis, which is just a subset of the vectors which are linearly-independent and
form a generating set for the vector space. Any vector in the space can be
represented as a linear combination of vectors in a basis. The vector space of
three-dimensional coordinates in space has a standard basis of three vectors:

x =

 1
0
0

 y =

 0
1
0

 z =

 0
0
1

 (3.1)

Any vector in this 3-space can be represented as a linear combination in
this basis with real coefficients.

v = (a, b, c) = ax + by + cz (3.2)
a, b, c ∈ R (3.3)

The analogous statement can be written for a single quantum bit:

|ψ〉 = α |0〉+ β |1〉 (3.4)
α, β ∈ C (3.5)
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We are usually interested in orthonormal bases. You don’t know what it
means for two vectors to be orthogonal or normalized? Oh, well we need a way
to measure how “similar” two vectors are to each other.

3.2.1 Inner Product

If you equip a vector space with a function called an inner product, which takes
two vectors to a scalar number, you can define how close to two vectors are to
each other, or how much they overlap.

For our example of vectors in 3-space, it is customary to take the inner
product to be the dot product, defined as the sum of the component-wise
product of the two vectors. The symbol for an inner product of vectors v and
u is 〈v|u〉. It takes two vectors of real-numbered components to a single real
number.

Inner products for real-valued vectors have the property of symmetry: the
inner product of u and v is the same even if you reverse the order of the
vectors.

〈u|v〉 = 〈v|u〉 (3.6)

For two vectors u, v ∈ R3, we can compute their inner product as follows:

u =

 a
b
c

 v =

 d
e
f

 (3.7)

a, b, c, d, e, f ∈ R3 (3.8)
〈u|v〉 = ad + be + c f (3.9)

Alternatively, Von Neumann has taught you that you can think of a vec-
tor in polar coordinates, with magnitudes and angles, instead of rectilinear
coordinates. Sometimes this is a helpful picture for thinking about the inner
product of two vectors as well.

3.2.2 Dirac Notation, and Qubit Overlap

For two qubits |ψ〉 and |φ〉, their overlap is defined similarly, but now the
coefficients are complex.

Here I have made a pun, both verbal and typographical, in my notation,
which Von Neumann has introduced to you. Every vector space has a dual,
which is made up of the transpose conjugate, or adjoint of the vectors in the
original vector space. For column vectors, or kets, their adjoints are row vec-
tors called bras, which contain the complex conjugate of the original column
vector in transposed order.

The conjugate of a complex number has the same real part, but the imagi-
nary part has the opposite sign. It is denoted with a superscript star.
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α = a + bi (3.10)
α∗ = a− bi (3.11)

For example, take our favorite ket |ψ〉. What is 〈ψ|?

|ψ〉 =
[

α
β

]
〈ψ| = (|ψ〉T)∗

[
α∗ β∗

]
(3.12)

The inner product of two quantum bits is then written as the product of a
row vector and a column vector, which gives us a complex number as desired.

|ψ〉 = α |0〉+ β |1〉 =
[

α
β

]
(3.13)

|φ〉 = γ |0〉+ δ |1〉 =
[

γ
δ

]
(3.14)

〈ψ|φ〉 =
[

α∗ β∗
] [ γ

δ

]
= α∗γ + β∗δ (3.15)

This number is described by two vectors which are contained within brack-
ets, where the left half I have called a “bra” and the right half I have called a
“ket.” Do you get it?

Here, Elina nods without irony. Ehrenfest looks away at the ceiling, his coffee,
anything to avoid Dirac’s expectant gaze, hoping for the moment to pass. Dirac, not
receiving even the smallest chuckle, sighs and continues.

3.2.3 Orthogonality

Now, what does it mean for two vectors to be orthogonal? It simply means
that their inner product is zero. They are in a sense “independent” or at “right

Figure 3.1: The inner product, or overlap, between two vectors depends on
their magnitudes and the relative angle θ between them.
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angles.” If you think about orthogonal vectors in 3-space, they would be at 90

degrees to each other.
If you have a vector with three-coordinates, say (x, y, z), you could vary

each of the coordinates, the x-ness say, without affecting the y-ness or the
z-ness of the vector. All the basis vectors of 3-space in Equation 3.1 are or-
thogonal, which you can verify.

〈x|y〉 = 0 (3.16)
〈y|z〉 = 0 (3.17)
〈z|x〉 = 0 (3.18)

Likewise, the two single-qubit states |0〉 and |1〉 are orthogonal to each
other, and form a basis.

〈0|1〉 = 0 (3.19)

Von Neumann has taught you about the Bloch sphere picture for a sin-
gle quantum bit, and it is useful up to a point, but the picture has its limits.
For example, the north and south pole on the Bloch sphere are geometrically
180 degrees apart, but according to the inner product definition and Figure
3.1, they should be 90 degrees apart. This discrepancy cannot be easily mas-
saged away, so its best not to take the Bloch picture as the definitive view of a
quantum bit, but just as a useful scaffold for learning.

3.2.4 Norm

We can now define the norm of a vector, or its length, as simply its inner
product with itself. It is a function which takes a vector to a number. You
can verify that a complex number times its conjugate is the magnitude of the
complex number squared, by the Pythagorean theorem.

〈ψ|ψ〉 = α∗α + β∗β = |α|2 + |β|2 (3.20)

Now you know precisely what we mean when we say a quantum state is
normalized. Its inner product with itself is 1.

3.3 A Letter from Von Neumann

October 8th, 1930

From: John Von Neumann Institute for Advanced Studies Princeton, New
Jersey United States of America

To: Elina Gamow c/o Max Planck Georg-August-Universität Göttingen
Göttingen, Deutschland

Dear Elina,
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I have been greatly encouraged by your enthusiasm, and your last letter
inspired me with reasons why we should endeavor to build a computer us-
ing the new quantum physics. I was also delighted by some of your colorful
examples of analog computers, probabilistic mechanisms, and systems break-
ing down outside of their intended environments. Even though this does not
change the mathematical consequences of the qubit model we’ve been dis-
cussing, I am always collecting new pieces of psychological motivation, like
species of butterflies. These are as important to a scientist as curiosity and
resilience to disappointment, and this way no butterflies actually get hurt!

Also, thank you for helping me with the calculations on single-qubit op-
erations on the Bloch sphere. They have clarified my thinking and helped
me move on to the next big step in developing a theory of computation with
qubits: how to combine multiple qubits into a larger register. As you know,
single classical bits by themselves are not so useful. Any kind of scalable, au-
tomated computing machine will need to operate on many bits. Therefore, a
natural question to ask is, how can we combine multiple qubits together, and
what new properties or behaviors do they have? You’ll find my thoughts on
this subject in the enclosed appendix.

Anyway, I am quite jealous that I will not be able to attend this lecture
marathon by Niels Bohr that you have been telling me about. Many great
scientists will be arriving in Göttingen over the next several days, including
a few who have been instrumental in laying the foundation of the quantum
theory. I hope you will get to meet some of them.

Please write back your impressions of the Bohr speak-a-thon, so that I can
pretend that I am in attendance also.

Best, Johnny

3.4 Technical Coda: Appendix on Multiple Qubits

3.4.1 The Computational Basis

The Z-basis, {|0〉 , |1〉} is usually the first and “standard” basis that you learn
about for a quantum bit. It is usually called the “computational” basis because
it is labeled similarly to the classical bits 0 and 1. It’s like a sandbox where
you can practice applying quantum ideas to essentially classical states, |0〉 and
|1〉. For example, in previous chapters, you were asked the effect of the X gate
on |0〉 and |1〉, which is just that is flips one state to the other and back (by
rotating 180 degrees about the x̂-axis), like a classical light switch. That’s why
the X gate is sometimes called a NOT gate, because it acts like a classical NOT
on a classical bit.

The set {|0〉 , |1〉} is a basis because we can write any single-qubit state as
a linear combination over them, with complex coefficients whose magnitudes
squared sum to 1.
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|ψ〉 = α |0〉+ β |1〉 (3.21)
α, β ∈ C (3.22)

|α|2 + |β|2 = 1 (3.23)

3.4.2 Changing Bases

You may have noticed that choosing the Z-basis to be the computational basis
is arbitrary and depends on how we labeled the Bloch sphere. If you turned
your head on its side and looked at the Bloch sphere, you might choose to
label the states along the x̂-axis as |0〉 and |1〉 instead.

As with many things in quantum computing, the choice of the basis deter-
mines the actual form of something (a matrix or a vector), but we can change
to an equivalent basis by a unitary matrix. It is sometimes easier to see that
some facts are true in one basis than another.1

For example, for a single-qubit, we could use the so-called X-basis instead:
{|+〉 , |−〉} where we define these states as:

|+〉 = 1√
2
|0〉+ 1√

2
|1〉 = 1√

2

[
1
1

]
(3.24)

|−〉 = 1√
2
|0〉 − 1√

2
|1〉 = 1√

2

[
1
−1

]
(3.25)

For example, instead of writing the |+〉 state in terms of |0〉 and |1〉, we
could do the reverse:

|0〉 = 1√
2
|+〉+ 1√

2
|−〉 (3.26)

3.4.3 Tensor Product

The tensor product is a way of combining smaller vector spaces into larger
vector spaces. It happens to be the way that qubits (which are a vector space
over 2 complex numbers with unit length) combine to form a larger quantum
system. We can take the tensor product of any two quantum bits as follows,
where the symbol ⊗ represents the tensor product operator.

|ψ〉 ⊗ |φ〉 =
[

α
β

]
⊗
[

γ
δ

]
=


αγ
αδ
βγ
βδ

 (3.27)

1For example (we will get to this in several lectures), applying the inverse discrete Fourier
transform to a multi-qubit state changes it into the Fourier basis is a way of decoding patterns in
the phases of the state.
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If the first vector has dimension d1 and the second vector has dimension
d2, then the tensor product is an operator which produces a vector with di-
mension d1 × d2. So for combining two single-qubits into a two-qubit state,
the vector should now have dimension 4.

In a sense, we are creating a “super-vector” where the top element is a two-
column vector associated with α of |ψ〉 and multiplied times |φ〉. The bottom
element is a two-column vector associated with β of |ψ〉 and multiplied times
|φ〉. You can think of this “vector-of-vectors” as an alternate picture of the
tensor product: 

[
αγ
αδ

]
[

βγ
βδ

]
 (3.28)

We’ll say more about the tensor product later, but this is enough to solve
some elementary problems.

3.4.4 The Two-Qubit Computational Basis

Now we can define a basis for two-qubit states, and think about how to ex-
plore this larger vector space. Unfortunately, there is no nice geometric pic-
tures for two-qubit states, like the Bloch sphere is a nice picture for single-
qubit states. You will have to rely on some other kind of intuition or com-
pletely algebraic means to make sense of these states.

For two quantum bits, the computational basis has four elements: {|00〉 , |01〉 , |10〉 , |11〉}
which corresponds to the four two-bit classical states. Notice that the label of
the ket, or the string we right in between the | and the 〉, is just a classical
binary value. We can expand the two-bit binary string in these kets to write it
as a tensor product of two single-qubit kets as follows:

|00〉 = |0〉 ⊗ |0〉 = |0〉 |0〉 (3.29)
|01〉 = |0〉 ⊗ |1〉 = |0〉 |1〉 (3.30)
|10〉 = |1〉 ⊗ |0〉 = |1〉 |0〉 (3.31)
|11〉 = |1〉 ⊗ |1〉 = |1〉 |1〉 (3.32)

We could also write the basis with decimal labels, like {|0〉 , |1〉 , |2〉 , |3〉},
and it would mean the same thing. Since you work with classical keypunch
machines, you have some facility in converting between binary and decimal
values, and it will be clear in the context which one I am using. Any two qubit
state can then be written as:

|ψ〉 = α |00〉+ β |01〉+ γ |10〉+ δ |11〉 (3.33)
α, β, γ, δ ∈ C (3.34)

|α|2 + |β|2 + |γ|2 + |δ|2 = 1 (3.35)
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Note also that |ψ〉 is just a generic name for any quantum state. We will
usually specify whether it is a 1-qubit, 2-qubit, or n-qubit state if it matters.

3.5 Problem Set

1. In your own words, describe the difference between a geometric perspec-
tive and an algebraic perspective in solving a mathematical problem. Is
one of these more intuitive for you than the other? Describe another
situation, perhaps in another class or in real-life, where there is both a
geometric and an algebraic way of thinking about it.

2. Is the inner product defined above for complex-valued vectors (quantum
bits) symmetric? How are the two quantities 〈ψ|φ〉 and 〈φ|ψ〉 related?

3. Why would we call {|0〉 , |1〉} the Z-basis? Why would we call {|+〉 , |−〉}
the X-basis? What states would make up an analogous Y-basis?

4. Compute the tensor product of the three quantum bits below:[
α
β

]
⊗
[

γ
δ

]
⊗
[

ε
ζ

]
(3.36)

5. Compute the tensor product of the two quantum bits below. How is it
different from Equation 3.27? Is the tensor product symmetric?[

γ
δ

]
⊗
[

α
β

]
(3.37)

6. Compute the tensor product of the qubit below (as the first argument)
with the result of the previous problem. This is an example of combining
two quantum registers of different sizes.[

ε
ζ

]
(3.38)

7. What is the dimension (the number of vector elements) of the tensor
product of n qubits with each other?

8. Classically, we can define the binary encoding of the decimal number
3 as 11. We can also express 3 as the tensor product of three classical
bits as follows, where the resulting column vector represents a classical
two-bit state.

[
0
1

]
⊗
[

0
1

]
=


0
0
0
1


0
1
2
3

(3.39)
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In the same way, write out the three-bit classical state 5 as the tensor
product of three single-bit classical states. Describe in words what the
column vector for the number 2, 222 would look like as a tensor product
of single-bit column vectors.

9. What is the 2× 2 unitary matrix which converts from the Z-basis {|0〉 , |1〉},to
the X-basis {|+〉 , |−〉}? Where have you seen this matrix before, and
what is the relationship between converting bases and the use of the
matrix you saw before?

10. What is the tensor product of the two single-qubit states |+〉 ⊗ |+〉?
How would you describe it in words, as a linear combination from the
two-qubit basis {|00〉 , |01〉 , |10〉 , |11〉}?

11. What is the three-qubit quantum state which is the extension of your
description in the previous problem to three qubits?

12. Think of a question involving the tensor product or two-qubit states that
I have not asked above. Post it in the Catalyst message board without
the solution. Answer exactly one other person’s question. If you have
an alternate solution to an already answered question, you can still post
it as a new answer.

13. (Bonus) What is the 4× 4 matrix that corresponds to the two-qubit gate
which swaps two single qubits? We will call this the SWAP gate.

|ψ〉 = α |0〉+ β |1〉 (3.40)
|φ〉 = γ |0〉+ δ |1〉 (3.41)

(3.42)

The SWAP gate acts as follows:

SWAP |ψ〉 ⊗ |φ〉 = |φ〉 ⊗ |ψ〉 (3.43)

https://catalyst.uw.edu/gopost/area/paulpham/107304
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3.6 Credits, Historical Notes, Further Reading

Figures are taken from the Wikipedia article for Inner product.

http://en.wikipedia.org/wiki/Inner_product
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